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                \begin{document}$\zeta (s)$\end{document}$ in the real variable *s* was introduced by Euler \[[@CR2]\] in connection with questions about the distribution of prime numbers. Later Riemann \[[@CR6]\] derived deeper results about a dual correspondence between the distribution of prime numbers and the complex zeros of $\documentclass[12pt]{minimal}
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                \begin{document}$\operatorname{Re}(s) = \frac{1}{2}$\end{document}$, and this has been one of the most important unsolved problems in mathematics, called the Riemann hypothesis. A vast amount of research on calculation of $\documentclass[12pt]{minimal}
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                \begin{document}$\operatorname{Re}(s) = \frac{1}{2}$\end{document}$, which is called the critical line, and on the strip $\documentclass[12pt]{minimal}
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                \begin{document}$0 < \operatorname{Re}(s) < 1$\end{document}$, which is called the critical strip, has been conducted using various methods \[[@CR1]\].

The *Riemann zeta function* and a *tail of the Riemann zeta function from* *n* for an integer $\documentclass[12pt]{minimal}
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                \begin{document}$$ \zeta (s) = \sum_{k=1}^{\infty } \frac{1}{k^{s}} \quad \mbox{and} \quad \zeta_{n} (s) = \sum _{k=n}^{\infty } \frac{1}{k^{s}}, $$\end{document}$$ and for $\documentclass[12pt]{minimal}
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                \begin{document}$$ \zeta (s) =\frac{1}{1-2^{1-s}} \sum_{k=1}^{\infty } \frac{(-1)^{k+1}}{k ^{s}} \quad \mbox{and} \quad \zeta_{n} (s) = \frac{1}{1-2^{1-s}} \sum_{k=n}^{\infty } \frac{(-1)^{k+1}}{k^{s}}. $$\end{document}$$
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                \begin{document}$[x]$\end{document}$ denotes the greatest integer that is less than or equal to *x*.
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                \begin{document}$[ \zeta_{n} (s)^{-1} ] $\end{document}$ for small positive integers *s* have become known recently. Xin \[[@CR7]\] showed that for $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl[ \zeta_{n} (5)^{-1} \bigr] = 4n^{4} - 8n^{3} + 9n^{2} - 5n + \biggl[ \frac{(n+1)(n-2)}{3} \biggr] $$\end{document}$$ for any integer $\documentclass[12pt]{minimal}
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                \begin{document}$s = 6$\end{document}$ as follows. For an integer *n*, write $\documentclass[12pt]{minimal}
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                \begin{document}$n_{48}$\end{document}$ for the remainder when *n* is divided by 48, then $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \bigl[ \zeta_{n} (6)^{-1} \bigr] \\ &\quad = \textstyle\begin{cases} 5n^{5} - \frac{25}{2} n^{4} +\frac{75}{4} n^{3} -\frac{125}{8} n^{2} + \frac{185}{48}n - \frac{5 n_{48}}{48} - [ \frac{35-5 n_{48}}{48} ] ,&\mbox{if~$n$~is even}, \\ 5n^{5} - \frac{25}{2} n^{4} +\frac{75}{4} n^{3} -\frac{125}{8} n^{2} +\frac{185}{48}n - \frac{5 n_{48}+18}{48} - [ \frac{17-5 n_{48}}{48} ] ,& \mbox{if~$n$~is odd} \end{cases}\displaystyle \end{aligned}$$ \end{document}$$ for any integer $\documentclass[12pt]{minimal}
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                \begin{document}$n \geq 829$\end{document}$. For the integer *s* greater than 6, no such a formula is known.

There are other interesting results related to this theme such as bounds of $\documentclass[12pt]{minimal}
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We study the inverses of tails of the Riemann zeta function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\zeta_{n}(s)^{-1}$\end{document}$ for *s* on the critical strip $\documentclass[12pt]{minimal}
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                \begin{document}$0 < s <1$\end{document}$. The following notation is needed to explain our results.

Definition 1 {#FPar1}
------------

For any positive integer *n* and real number *s* with $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} A_{n,s}= \biggl( \frac{1}{n^{s}} - \frac{1}{(n+1)^{s}} \biggr) + \biggl( \frac{1}{(n+2)^{s}} - \frac{1}{(n+3)^{s}} \biggr) + \cdots \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} B_{n,s} = \biggl( -\frac{1}{n^{s}} + \frac{1}{(n+1)^{s}} \biggr) + \biggl( -\frac{1}{(n+2)^{s}} + \frac{1}{(n+3)^{s}} \biggr) + \cdots . \end{aligned}$$ \end{document}$$

Now the tail of the Riemann zeta function for $\documentclass[12pt]{minimal}
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                \begin{document}$$ \zeta_{n}(s) = \textstyle\begin{cases} - \frac{1}{1-2^{1-s}} A_{n,s}, &\mbox{if~$n$~is even}, \\ - \frac{1}{1-2^{1-s}} B_{n,s},& \mbox{if~$n$~is odd}. \end{cases} $$\end{document}$$

In this paper, we present the bounds of $\documentclass[12pt]{minimal}
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Main results {#Sec2}
============
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------------------------------------------------------------------------------------------------

In this section, we present the bounds of $\documentclass[12pt]{minimal}
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### Proposition 1 {#FPar2}
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Let *n* be a positive even number. For every positive integer *k*, it is easy to see that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The second statement can be shown similarly. □

Since every proof of the case when *n* is an odd number is analogous to that of the case when *n* is an even number, we omit all the proofs of the odd number cases in this paper.

Now we find tighter bounds for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A^{-1}_{n,s}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B^{-1}_{n,s}$\end{document}$.

### Proposition 2 {#FPar4}
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### Proposition 3 {#FPar6}
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We combine the results of Proposition [2](#FPar4){ref-type="sec"} and Proposition [3](#FPar6){ref-type="sec"}.

### Theorem 1 {#FPar8}
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### Corollary 1 {#FPar9}
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### Theorem 2 {#FPar10}
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### Proof {#FPar11}

From Theorem [1](#FPar8){ref-type="sec"}, it suffices to show that for a sufficiently large even number *n*, $$\documentclass[12pt]{minimal}
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### Corollary 5 {#FPar21}
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We express the results of Theorems [3](#FPar13){ref-type="sec"}, [4](#FPar16){ref-type="sec"}, and [5](#FPar19){ref-type="sec"} in a single statement.
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We express the results of Corollaries [3](#FPar15){ref-type="sec"}, [4](#FPar18){ref-type="sec"}, and [5](#FPar21){ref-type="sec"} in a single statement.

### Corollary 6 {#FPar23}
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Conclusion {#Sec5}
==========
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